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Research into insect-sized flappingwingmicro air vehicles has exploded over the last decade, yetmost of this work

has focused on simply achieving flight, while leaving the issue of how to control it to future researchers. Here,

previous work in the field of flapping wing control is summarized and each proposed technique is evaluated

according to how many body forces and moments it can directly influence on the micro air vehicle and how

complicated a wing flapping mechanism is needed to implement it. Though some promising techniques have been

proposed, none satisfactorily address all of the design criteria; therefore, a new technique is proposed, biharmonic

amplitude andbiasmodulation. This technique is analyzedwith quasi-steady blade-element techniques and shown to

provide direct influence over five micro air vehicle body forces and moments in hover while requiring only two

actuators. Furthermore, it is applicable to a wing flapping mechanism operating at its resonant frequency, which

reduces the energetic cost of control for the micro air vehicle.

Nomenclature

A = stroke amplitude, rad
CL = lift coefficient
CD = drag coefficient
D�R=L�U = instantaneous drag during upstroke N, the R=L

subscript, if present, denotes right or left wing
D�R=L�D = instantaneous drag during downstroke N, the R=L

subscript, if present, denotes right or left wing
FR=LWSR=L = instantaneous aerodynamic force from the right (left)

wing in the right (left) wing spar frame
g = gravitational acceleration, m=s2

I = rotational inertia
IA = second moment of area, m4

Jn = Bessel function of the “nth” kind
kL = blade-element coefficient for lift terms
kD = blade-element coefficient for drag terms
L�R=L�U = instantaneous lift during upstroke N, the R=L

subscript, if present, denotes right or left wing
L�R=L�D = instantaneous lift during downstroke N, the R=L

subscript, if present, denotes right or left wing
Mn = “nth” harmonic coefficient
Mx = roll moment, Nmm
My = pitch moment, Nmm
Mz = yaw moment, Nmm
p = roll rate, rad=s
q = pitch rate, rad=s
r = yaw rate, rad=s
RBI = rotation matrix from inertial frame to body frame
RBR�L�WS = rotation matrix from the right (left) wing spar frame

to the body frame
rBcp;R�L� = location of the center of pressure of the right (left)

wing with respect to the vehicle center of mass
T = wing-beat period, s
TD = duration of upstroke, s
t = velocity in the z direction, m=s
u = velocity in the x direction, m=s
v = velocity in the y direction, m=s

w = width, m
xcp = wing center of pressure location, measured along the

XRWPU and XLWPU axes, m
ycp = wing center of pressure location, measured along the

YRWPU and YLWPU axes, m
xB = micro air vehicle body-fixed x-axis
yB = micro air vehicle body-fixed y-axis
zB = micro air vehicle body-fixed z-axis
X = force in the body-fixed x-direction (N)
Y = force in the body-fixed y-direction (N)
Z = force in the body-fixed z-direction (N)
� = angle of attack, rad
� = harmonic phase shift
� = split-cycle parameter (frequency shift of upstroke),

rad=s
� = frequency normalized split-cycle parameter
�x = x-axis distance from vehicle center of mass to wing

root, m
�z = z-axis distance from vehicle center of mass to wing

root, m
� = wing stroke bias angle, rad
� = elevation angle, rad
� = split-cycle phase shift
� = air density, kg=m3

� = split-cycle frequency shift of downstroke, rad
� = frequency normalized frequency shift of downstroke
! = flapping frequency, m=s
	 = wing stroke angle, rad
_	 = wing angular velocity, rad=s

I. Introduction

U NOCCUPIED Air Vehicles (UAVs) have become pervasive in
modern warfare by providing real-time intelligence, surveil-

lance and reconnaissance (ISR) to the war-fighter without the
limitations and massive logistics footprint of manned flight.
Recently,micro air vehicles (MAVs) have been proposed to provide a
similar capability in a smaller package [1]. MAVs are autonomous
vehicles with a maximum dimension of 15 cm or less, weighing 90 g
or less [2]. They could easily be carried by small combat units and
flown in confined spaces such as urban canyons, caves and indoors.
MAVs will provide an organic ISR capability to small combat teams
in the field, reducing or eliminating their reliance on largerUAVs that
are in high demand, and increasing the team’s autonomy.

MAVs of many shapes and sizes have been proposed but most
have either fixed, rotary, or flapping wings. Though they are more
complex, and thus difficult to analyze, design, and build, flapping
wing MAVs (FWMAVs) have several advantages over fixed and
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rotary wing vehicles, especially as vehicle size decreases toward the
scale of insects. They capitalize on several unsteady aerodynamic
effects that generate additional lift at the low Reynold’s numbers Re
experienced by vehicles of this size, they have superior
maneuverability, and they mimic biological flyers so they are less
conspicuous to potential adversaries.

The design of FWMAVs currently faces several significant
challenges. Perhaps the most significant are predicting the low Re
and unsteady aerodynamics, designing for highly coupled fluid-
structure interactions, microfabrication, stability characterization
and control, and power. Of these challenges, the most critical are the
power and stability and control problems because they are the
farthest from a solution. All of the other challenges listed have been
overcome to some degree and are detailed in the literature.

Numerous researchers have built wings that generate lift and
thrust, and several have even lifted vehicles off the ground [3–11].
Therefore, while there is still uncertainty about flapping wing aero-
dynamics, our understanding is sufficient to generate useful aero-
dynamic forces. These same experiments prove that the problems of
fluid-structure interactions and microfabrication are not insurmount-
able [5]. The stability and control problem, however, has not been
solved.While several vehicles have flownwith flapping wings, all of
them were either tethered to eliminate the need for control, or used a
traditionalfixed-wing tail to provide control forceswhile theflapping
wings provided lift and thrust [3–8]. These latter designs help to
prove the feasibility of FWMAVs, but they severely limit their
capabilities.

A fixed tail requires air flow over it to control the vehicle, greatly
reducing or eliminating the MAV’s ability to hover, a problem that
growswith diminishing size. AsMAVs are required to be smaller and
fly slower, the Re is reduced twofold, significantly reducing the
aerodynamic efficiency of the control surfaces, limiting their ability
to generate adequate control forces and moments. Therefore, while
fixed tails may be suitable to control the shoebox-sized MAVs of
today, they are insufficient to control the insect-sized MAVs of
tomorrow. Furthermore, one only need observe insects in flight to
realize that flapping wing control provides for much greater
maneuverability than what is achievable with a fixed tail. Insects are
capable of decoupled 6 degree-of-freedom (DOF) maneuverability,
something no tailed vehicle can approach. Therefore, to truly realize
the potential of FWMAVs, future research should explore flapping
wing control.

Thiswork aims to summarize the research to date onflappingwing
control of insect-sized MAVs, and evaluate the handful of control
techniques that have been proposed. Upon evaluation, it will be
evident that no technique exists that completely satisfies all of the
important MAV design criteria, so a novel control technique will be
proposed and analyzed. More generally, this work presents a process
for obtaining the forces and moments developed by oscillating
structures in a fluid, and how those forces react on a parent body
while proposing a technique for driving such oscillating structures in
a nonharmonic fashion at resonance.

II. Flapping Wing Control of MAVs in the Literature

Ahypotheticalflappingwing can have up to four substantial DOFs
if structural elasticity is ignored (assuming a rigid body). Two DOFs
are required to specify the orientation of the wing’s leading edge in

space, while a third is required to specify the rotation of the wing
about the leading edge. In the case of most birds and some MAVs, a
fourth major DOF is present that allows the distal half of the wing to
move relative to the proximal half of the wing. From this point
forward, only 3-DOF wings will be considered. The current
convention uses three parameters to describe the kinematics of a
3-DOF wing, as shown in Fig. 1, these parameters are the stroke
angle 	, the elevation angle �, and feathering angle/angle of attack �.

A. Biological Flight Stability and Control

Characterizing the passive stability of insects is difficult because
the active control system cannot be “turned off” to make measure-
ments. Nevertheless, a number of systemmodels have been obtained
through tethered insect experiments and/or computational fluid
dynamics analysis from which stability properties can be derived
[12–15]. These analyses have focused on the longitudinal stability of
bumblebees and locusts, producing linearized equations of motion
based on small perturbations. The locust system model had stable
modes similar to the phugoid and short period modes in aircraft and
an unstable divergence mode in which an increase in pitch is
accompanied by a decrease in forward velocity. This would cause the
insect to stall out following a nose up disturbance, or nose dive
following a nosedown disturbance. Fortunately, this mode is slow to
develop with a half life on the order of threewing-beat cycles, so it is
easily controlled by the insect [13]. The bumblebee model had two
stable subsidence modes and one unstable oscillatory mode in which
pitch oscillations accompany oscillations in forward velocity, similar
to the behavior of the locust [14].

In all cases presented in the literature, the flapping frequency was
at least several times greater than the fastest dynamic mode of the
insect; a prerequisite for using a so-called “quasi-static” assumption
that only the cycle-averaged forces and moments, and not the
intercycle forces and moments, are important in determining the
dynamics of a flappingwing flyer. In helicopters, such an assumption
has been shown to be valid if the rotor frequency is an order of
magnitude higher than the frequency of the fastest mode of interest
[13]. Experiments on free flying insects seem to validate the quasi-
static assumption in that seemingly “quick” maneuvers required
several wing-beat periods to execute [16,17].

Very little is definitively known about active insect flight control,
but numerous researchers have performed experiments that give
insight to theMAVcontrol systemdesigner. Insects have a broad host
of sensors that are integrated to provide a surprisingly detailed
picture of its flight condition. Among these are the compound eye,
hairs, antennae, campaniform sensillae, and halteres [15,18,19].

Experiments on the pathways between these sensors and the flight
muscles themselves suggest that insects have a dispersed control
system consisting of multiple feedback loops with numerous redun-
dancies that are capable of maintaining flight even when multiple
senses are denied. Some sensor feedback, such as the campaniform
sensillae that measure wing deformation, bypass the central nervous
system and influence the flight-control muscles directly [18].
Conversely, optical information is comprehensively passed through
the central nervous system before control inputs are fed to the flight
muscles [18]. This dispersion of control authority suggests the exis-
tence of a control hierarchy with inner feedback loops that precisely
regulate the wing kinematics, intermediate loops that regulate body
attitude and motion by prescribing the wing kinematics, while an
outer navigation loop prescribes the desired body attitude. A
hierarchical system such as this would simplify the design of MAV
control by breaking the problem into more manageable pieces.

The intermediate control loop, that of regulating body attitude by
prescribing wing kinematics, is currently the most challenging piece
of the MAV control problem. No comprehensive theory exists to
explain how insects perform this complex operation, but some
experiments have resulted in useful discoveries [13,16,18,20,21].
Insect bodies and legs have a role in flight control, but are not
generally considered to be primary actors [18]. One study noted that
locusts used the abdomen and hind legs for control only during slow
flight [15].Fig. 1 Wing kinematic parameters.
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Forward flight speed would logically seem to be correlated to
flapping frequency, but consistent evidence of this in insects is
lacking. Flapping frequency tends to be largely invariant in all
species, so is not likely used as a control input unless used as small
excursions from the mean in short bursts for acceleration [18].
Instead, airspeed seems to be controlled by minute changes in the
wing kinematics that create nose-down pitching moments, an
increased stroke plane angle and a resultant forward shift in the net
aerodynamic force. Stroke amplitude has been studied closely in
several species, and was not shown to be related to airspeed, but it is
correlated with aerodynamic force production in cases such as
climbing and heavy lifting exercises, so it could be used for accel-
eration if the force vector were rotated [22,23]. Bumblebees and
hawkmoths have been observed to increase their mean stroke angle
when accelerating [21]. Increased wing rotation speeds and stroke
plane deviations have also been linked to acceleration in bumblebees
[18]. In fast forward flight, insects are observed to have a nearly
horizontal body angle (aligned with the velocity vector) and a near
vertical stroke plane.

Rotations about the primary axes have been definitively linked to
asymmetries in wing kinematics through tethered insect experiments
[18]. Deviations in stroke amplitude, stroke plane angle, angle of
attack, speed and timing of wing rotation, and interactions between
fore- and hind-wings have all been identified as contributing to body
torques [16] while roll maneuvers in tethered locusts can be initiated
by timing and magnitude of changes in elevation angle and stroke
amplitude [18]. It seems unlikely that a single kinematic parameter or
muscle is responsible for a single maneuver, but rather, complex
interactions between numerous variables give an insect a wide range
of possible means by which to maneuver [20]. The experiments by
Sane and Dickinson [24] demonstrated that slight variations in wing
kinematics such as the duration and phasing ofwing rotation produce
larger variations in cycle-averaged aerodynamic forces.

These insect-based experiments make it clear that any number of
kinematic control strategies could be successfully used to control an
MAV, so the challenge lies in developing a strategy best suited to the
requirements and constraints of MAVs.

B. Significance of Flapping at Resonance

It is often claimed that insects flap their wings at the first natural
frequency of the wing flapping apparatus. The thoracic cuticle, flight
muscles, and wings have all been implicated by biologists as
providing the necessary elasticity for resonant flapping, though
resonance of the thoraxwould bemost critical, as its deformations are
amplified to generate larger wing deformations. The strongest
evidence for resonant wing flapping is the surprising consistency of a
given species’ wing-beat frequency across all flight regimes [18].
Studies performed on beetles determined that temperature induced
variations in wing-beat frequency could be accounted for in
temperature-related changes to the elastic properties of the flapping
apparatus [18]. Furthermore, wing amputation experiments have
shown that wing-beat frequency is related towing inertia in amanner
that suggests mechanical resonance [18]. Based on such experi-
mental evidence as well as theoretical predictions of power
requirements based on blade-element analyses, biologists appear
uniformly convinced that insects flap their wings at resonance.

The significance of resonant flapping is of critical importance to
the control systems designer. If there is an energy benefit to resonant
flapping, then vehicle performance requirements such as range,
endurance, speed, and payload will demand that it be used. The
importance of flapping at resonance can be determined by the wing
flapping system’s quality factor, which is a function of the system’s
mass and damping, and thus, scaleswith vehicle size. FWMAVswith
a high quality factor will benefit from resonant flapping. However,
for such vehicles flapping at resonance, it will make it extremely
difficult, if not impossible, to drive thewings in any pattern other than
simple harmonic motion, as several promising control strategies
suggest. Therefore, from the control perspective, it may be preferred
to avoid flapping at resonance. However, if there is indeed an energy

benefit to flapping at resonance, techniques for nonharmonic
resonant flapping should be developed, if possible.

The significance of resonant flapping is essentially a question of
damping. A lightly damped structure will store kinetic energy at the
end of an oscillation and reuse it during the next if it is excited at its
resonant frequency. As the damping increases, that kinetic energy is
lost to the environment and is not available to be stored. The damping
in the flight system consists of viscoelastic damping in the structure
and mostly aerodynamic drag on the wing. Analytically predicting
the significance of damping is not possible because the aerodynamic
damping is not linear, and unsteady aerodynamic mechanisms
cannot be modeled analytically.

However, the potential benefit of resonant flapping can be deter-
mined bymeasuring the frequency response function of a givenwing
flapping mechanism, as was done for the Berkely Micromechanical
Flying Insect [19,25]. These were created by measuring the actuator
motion while flapping the wing at high amplitudes (�60 to�120�).
In one case, a 1-DOF fly-sizedMAVwing had a quality factor of 2.21
indicating that the system was underdamped, and would therefore
indeed benefit from flapping at resonance, though small excursions
from the resonant frequency would not incur a large energy penalty.
These papers further reported that the wing flapping mechanism
could be tuned to have differing frequency responses by changing the
flexure stiffnesses and other material properties and geometries. A
subsequent paper by the same group reported that their mechanism
was designed specifically to have a “low” quality factor of 3 or less to
improve the controllability of the wing trajectory [19].

C. Concepts for Flapping Wing Control of MAVs

Early literature on FWMAVs focused primarily on the challenges
of aerodynamics and microfabrication, while very little research into
flight control was reported. Significant progress in MAV design and
manufacturing has highlighted the need for techniques for con-
trolling such vehicles in flight, and at least one prominent MAV
designer has identified flapping wing control as the top priority for
research [5,26]. This problem has been probed with analysis and
some simulation [19,25,27–36] but to date, hardware-in-the-loop
simulations have been rare [8,26,37,38], and full-up system demon-
strations nonexistent.

Any discussion of FWMAV control strategies must be conducted
in the context of the specific MAV design in question. The primary
characteristic constraining control is the number of DOFs inherent in
the wing flapper mechanism. Secondary concerns are the range of
each of those DOFs, their bandwidth, and supplemental control
surfaces that will directly affect the controllability of the vehicle and
drive the control strategy. To date, discussions offlappingwingMAV
control in the literature can be grouped into two major camps based
on the number of DOFs actively controlled by the wing flapper
mechanism; multi-DOF control [19,25,27,35,36] and single DOF
control [28–34]. Varying the wing stroke angle is a necessary
condition for flapping wing flight, so all proposed control strategies
in the literature have at least that DOF. More complex schemes
include wing rotation as a second DOF, and wing elevation angle is
usually the last to be included.

The rigid body equations ofmotion of aMAVcan easily be derived
from first principles, and they are presented here in the body frame of
theMAV,whichwill bemost convenient for translating aerodynamic
forces and moments (which will be calculated in the body frame) to
motions of the body.Note that the inertias and center ofmass location
are treated as constant, though in reality they are not:
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Though notational variations exist, these equations of motion are
commonly used throughout the literature. The notation herein is
common in the aircraft control field.

Given the rigid body equations of motion, the challenge of
predicting the dynamics of a MAV comes in predicting the body
forces and moments, 	X Y Z 
T and 	MX MY MZ 
T , or
“wrench,” that result from given wing kinematics. Though there is
some variation in how they are derived, all analyses present in the
literature estimate the wrench with some form of quasi-steady
aerodynamics equations, thus ignoring the unsteady aerodynamics
that are present [19,25,27–36].

The simplest formulation uses translational blade-element
analysis to compute the instantaneous forces on the wing, and then
integrates over the wing-beat period to obtain cycle-averaged forces.
The cycle-averaged moments are obtained by multiplying the
instantaneous forces by the moment arm created by the offset
between the center of mass and the center of pressure of the wing
(which is considered fixed on the wing) and integrating over the
wing-beat to obtain cycle-averaged moments [29]. The most
elaborate quasi-steady formulation includes translational and rota-
tional blade-element forces as well as body drag forces to compute
cycle-averaged forces as proposed by Sane and Dickinson’s revised
quasi-steadymodel [39]. Themoments are also calculated in a blade-
element fashion by considering the elemental moment created by an
elemental force and the moment arm between the elemental center of
pressure and the COM [27]. This latter formulation accounts for
change in the center of pressure as a function of angle of attack and
yields time-accurate (within the limits of the quasi-steady model)
aerodynamic moments. The simulation in question needed instan-
taneous rather than cycle-averaged forces and moments because it
did not use the quasi-static assumption of flapping flight dynamics.
The contents of the blade-element equations can vary significantly
depending on the available DOFs of the wing flapping mechanism.

1. Control Concepts Based on Multidegree-of-Freedom Wing Kinematics

The earliest attempt to design flapping flight control was
performed by theMFI group at theUniversity of California, Berkeley
and published by Deng et al. [19,25]. They presented a thorough
hierarchical control system design including a navigation planner
with sensor feedback, a flight mode stabilizer, and a wing trajectory
controller. The early versions of the MFI allowed for independent
control of twoDOFs per wing; stroke angle and rotation, which were
used in their control strategy, but there is no evidence in the literature
that they tested their design on hardware

Deng et al. [19,25] used a quasi-steady aerodynamic model that
draws heavily from the work of Sane and Dickinson [39], including
translational forces as well as an adjustment to account for rotational
lift. Citing averaging theory, they make an argument for the quasi-
static assumption as long as the control inputs are T-periodic
functions, where T is the wing-beat period, and the inputs are only
altered at the start of each wing-beat (zero-order hold condition). For
these wing kinematic inputs, Deng et al. [19,25] propose nominal,
harmonic stroke angle, and wing rotation functions that can be
adjusted away from the nominal position for control purposes,
creating nonharmonic wing trajectories which essentially alter the
wing stroke amplitude, and the timing of wing rotation. These
perturbation functions are chosen to be twice continuously differen-
tiable so that the second-order dynamics of the wing actuators will
not detect any discontinuities from one wing-beat to the next, an
advantage over the split-cycle, constant period strategy described in
detail below.

Given a method for altering the wing kinematics, it is necessary to
identify how the kinematic parameters relate to the aerodynamic
wrench. In traditional aircraft control, this takes the form of
linearized aerodynamic derivatives that show how a small pertur-
bation of a given input changes a given output. To determine this
mapping, Deng et al. [19,25] ran simulations in which the input
parameters were randomly selected, and the wrench output calcu-
lated based on their quasi-steady aerodynamic equations. Finally,
they developed feed forward control for the wing trajectory, which

predicts the necessary actuator voltage required to create the desired
wing motion. Taken as a whole, the work performed by Deng et al.
[19,25] is an impressivefirst step towardflappingwingMAVcontrol.
They covered every major component of control system design, the
only drawback being their lack of hardware validation.

In 2008 Dickson et al. [27] modeled the flight control of a
Drosophila using a simulated environment to feed information to a
sensors model that estimated the insect’s states, which the control
module used to generate desired wing kinematics that the rigid body
dynamics and aerodynamics modules used to compute the “true”
states. Because they were simulating an insect, they had full 3-DOF
wing kinematics available for their controller. Eschewing the
commonly used quasi-stated assumption, they modeled the rigid
body dynamics of the insect with a “physics engine,” which is
commonly used in video game software. They use a quasi-steady-
state aerodynamics model to compute the instantaneous wrench that
is similar to that used by Deng et al. [19,25], with the addition of
terms for added mass, and drag on the insect body. Their mapping
between wing kinematics and the aerodynamic wrench was
developed by examining the literature on insect flight control. Pitch
was affected by changing the mean stroke angle of both wings in
concert, yaw by changing the relative stroke amplitude between each
wing, roll by changing the relative stroke plane angle between each
wing, and acceleration by changing the stroke amplitude and
flapping frequency.

Finally, Dickson et al. [27] propose a simple proportional control
law for the insect attitude based on angular rate errors, which insects
are suspected of using and experiments support [40]. The integrated
fly model was simulated and it was able to regulate its flight path
down a simulated corridor. In addition, they determined pseudogain
and phase margins to assess the stability robustness of the design.
Dickson et al.’s [27] work from a biological perspective should be of
interest to MAV designers as a possible upper bound of control
system complexity and for several of the modeling techniques they
used such as the detailed quasi-steady aerodynamic equations, time
accurate dynamics, and measures of stability robustness.

The two efforts described above represent the most complete
multi-DOF control system concepts for flapping wing vehicles
available in the literature. Other contributions to this field have been
less comprehensive.Hu et al. [35] designed a control systembased on
modulating wing rotation timing and midstroke angle of attack and
showed through simulation that they could influence six MAV body
forces and moments. Khan and Agrawal [36] have published two
papers that address flapping wing flight control using 3-DOF wing
kinematics and an aerodynamic model based on their own experi-
ments on a dynamically scaled wing. Again, they draw upon
averaging theory to create control inputs based on time-periodic
perturbations from the nominal wing trajectory. They present some
impressive analytical work, but no clear mapping is presented
between the wing kinematics and aerodynamic wrench and no
hardware testing was reported.

2. Control Concepts Based on Single DOF Wing Kinematics

The control concepts described above are all common in that they
require the wings to flap with multiple DOFs. More DOFs require
greater complexity, more actuation, increased vehicleweight, etc., so
any control scheme that can provide adequate influence over MAV
body forces andmoments with only oneDOF in thewings will likely
result in improved vehicle performance. Two such schemes have
been proposed to date that seek a control design for the Harvard
Robofly, or a similar vehicle. This design is novel in that wing
rotation is passive, rather than actively controlled. The first control
technique, proposed by Finio et al. [37,38], suggests three kinematic
variations for controlling theMAVas shown in Fig. 2: symmetrically
varying the wing stroke amplitude, asymmetrically varying the wing
stroke amplitude, and symmetrically varying the wing stroke bias.
Such kinematic variations would act to alter the X-body force, the
yawing moment Mz, and pitching moment My, respectively. These
kinematics can be physically realized in two ways: first, a three-
actuator design that uses a primary wing flapping actuator in concert
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with two small shoulder actuators [37], or second, a hybrid actuator
consisting of a smaller actuator mounted orthogonally on the tip of
the larger wing drive actuator [38].

The three-actuator design was analyzed, built, and tested,
representing the first flapping flight-control hardware yet tested.
They found that it was possible to change a wing’s stroke amplitude
using the shoulder actuator, but they were not able to significantly
change the wing stroke bias, which they attributed to manufacturing
defects in their prototype [37]. The hybrid actuator design produced
similar kinematics, and again a prototype was built and tested to
demonstrate the desired kinematics [38]. A biological argument is
used to predict the effectiveness of their control technique rather than
an analytically derived mapping between wing kinematics and the
aerodynamic wrench. Nevertheless, their ability to quickly build at-
scale prototypes is impressive and gives them a hard-earned
advantage in the race to achieve autonomous flapping flight.

In a related work, Oppenheimer et al. [34] from the U.S. Air Force
Research Laboratory performed controllability analysis and
simulation of Harvard’s three-actuator design. They used blade-
element analysis to determine control derivatives that were used to
develop control allocation laws for the simulated vehicle. The simu-
lation demonstrated that, given certain assumptions, such a vehicle
could track a virtual waypoint course, though the uncontrolled roll
moments tended to drift. Another finding was that the yaw moment
created by the asymmetric stroke amplitudes was mostly caused by
the change in moment arm from the wing center of pressure to the
vehicle COM, not the differing wing stroke amplitudes. This
suggests that COM movement relative to the stroke plane could be
used to create yaw and pitching moments.

The second control technique that requires only one actively
controlled DOF per wing was proposed by Doman et al. [28,30–33]
and Doman and Oppenheimer [29] of the U.S. Air Force Research
Lab in 2009. Their concept is based on the Harvard Robofly design,
but proposes two power actuators so that the wings can be driven
independently [30]. Their Split-Cycle Constant Period Frequency
Modulation technique uses three parameters of thewing trajectory to
define each wing’s angular velocity, yielding six available vehicle
control parameters.

Doman et al. [28,30–33] propose using symmetric wing-beat
frequency to control vertical force X, asymmetric wing-beat
frequency to control yawMz, symmetric wing stroke bias to control
pitchMy, and asymmetricwing stroke bias to control sideforceY. For
horizontal translation Z and rollMx, they propose a split-cycle wing
trajectory that creates nonzero cycle-averaged drag forces on the
wing that can be modulated in a symmetric or asymmetric manner.
Specifically, they propose altering thewing kinematics by increasing
(decreasing) the frequency of the downstroke and decreasing
(increasing) the frequency of the upstroke by an equivalent amount
such that the total wing-beat period is constant. Thus, the angular
velocity is increased (decreased) on the downstroke and decreased
(increased) on the upstroke. Such an asymmetry creates a nonzero
cycle-averaged drag on that wing, which applies a force or torque to
the vehicle. The “split-cycle parameter” � defines the stroke angle
function as follows:

	U�t� � cos	�! � ��t
 for 0 � t � 


! � � (3)

	D�t� � cos	�!� ��t� �
 for



! � � � t �
2


!
(4)

where:

� � �!

! � 2�
and �� �2
�

! � 2�
(5)

Define �� �
!
, �� �

!
� �

1�2�, and note ��� 2
�
!�2��� 2
�

1�2� then
the shape of the waveform with frequency ! is governed completely
by the split-cycle parameter �. Note, wing bias is also a control
parameter, but it is not shown here for clarity. Figure 3 gives an
example of a cosine waveform shifted by �� 0:3. Given this
trajectory, the wing angular velocity is:

_	U�t� � �!�1 ��� sin	!�1 ���t
 for 0 � t � 


!�1 ��� (6)

_	D�t� � �!�1��� sin	!�1���t� �


for



!�1 ��� � t �
2


!
(7)

The angular velocity and acceleration of such a waveform are
plotted in Fig. 4 , which clearly shows the increase in velocity on the
upstroke compared with the downstroke. Figure 4 also highlights the
piecewise discontinuous nature of the split-cycle waveform, which
complicates its implementation.

In addition to proposing a novel control technique, the major
contribution of their work was to present a methodology for deriving
a control law from first principles. The other works cited used
biomimetic inspiration and numerical simulations to estimate the
control derivatives [25,27,37]. Doman et al. [28,30–33] performed a
quasi-steady blade-element analysis to predict the aerodynamic
wrench that does not include rotational or added mass terms. The
wing angle of attack is assumed constant for up and downstrokes, so
the aerodynamic force coefficients, CL and CD, are constant as well,
and based on the work of Sane and Dickinson [24]. Their resulting
control effectiveness matrix revealed a high level of decoupling,
promising direct influence over six MAV body forces and moments
in hover with only two actuators. Finally, they tested their technique
with a numerical simulation using higher fidelity blade-element

Fig. 2 Kinematic variants for controlling the Harvard Robofly
(adopted from [38]).

Fig. 3 Split-cycle, constant period frequency modulated waveform

(�� 0:3).

Fig. 4 Split-cycle waveform derivatives (�� 0:3).
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analysis to calculate the instantaneous forces and moments on the
vehicle based on a lookup table of experimentally determined
aerodynamic forces and moments. This lookup table approach
includes improves upon the cycle-averaged blade-element approach
by including experimentally determined unsteady effects. The
simulation was successful and demonstrated waypoint tracking of a
virtual MAV.

III. Bi-Harmonic Amplitude and Bias Modulation

The simplest control technique that provides adequate influence
over MAV body forces and moments should be the first choice of the
MAV designer. The six force/moment influence provided by Doman
et al.’s [28,30–33] concept is certainly adequate, so it holds the most
immediate promise. However, many challenges to implementing this
control strategy still exist. First, their analysis is based on the simplest
quasi-steady aerodynamic model. Second, the angle of attack of the
wings is assumed constant throughout thewing-beat, and wing-wing
and wing-fuselage interactions are ignored. Finally, they avoided
resonant flapping because they were unable to drive a piezo actuator
to track the split-cycle waveform near resonance. This would be a
disadvantage of this technique, if there is a benefit to resonant
flapping as argued above. However, it was determined in previous
work that similarwaveforms that contained only the lower harmonics
of the split-cycle waveform could be tracked using “Discrete
Harmonic Plant Compensation” [41]. Therefore, a new control
technique should be considered that is similar to the split-cycle
technique, but that uses a two-harmonic waveform and a fixed
resonant flapping frequency.

Consider a wing trajectory of the form:

	U�t� � A cos	!�1 ���t
 � � for 0 � t � 


!�1 ��� (8)

	D�t� � A cos	!�1���t� �
 � � for



!�1 ��� � t �
2


!

(9)

The parameters A, �, and � for each wing will be the six variable
control parameters. Note that for a piezo-actuated flapping
mechanism, amplitude A can be easily modulated [42]. For the
purposes of this derivation, the parameters are held fixed during a
wing-beat cycle, though when implemented they may be allowed to
change within a wing-beat. The assumption is that such changes
would be “small” and “slow” relative to the nominal wing trajectory
and flapping frequency. Therefore, the corresponding wing angular
velocity for a given wing-beat is:

_	U�t� � �A!�1 ��� sin	!�1 ���t
 for 0 � t � 


!�1 ���
(10)

_	D�t� � �A!�1��� sin	!�1���t� �


for



!�1 ��� � t �
2


!
(11)

The instantaneous aerodynamic forces on each wing can be
estimated with a simple blade-element calculation. The instanta-
neous lift and drag values for a differential strip of wing are:

dL� 1

2
�CL���t�� _	2�t�y2c�y�dy (12)

dD� 1

2
�CD���t�� _	2�t�y2c�y�dy (13)

where the wing geometry is defined in Fig. 5. Integrating these over
the length of thewing, the instantaneous lift and drag can be obtained
for an entire wing:

L�
Z
R

0

dL� 1

2
�CL���t�� _	2�t�IA (14)

D�
Z
R

0

dD� 1

2
�CD���t�� _	2�t�IA (15)

Similar to the Harvard Robofly and the vehicle proposed by
Doman et al. [28,30–33], the wing rotation is passive, but limited by
wing rotation stops. Therefore, thewing angle of attack is assumed to
be constant throughout each half-stroke. This assumption simplifies
the instantaneous lift and drag equations to:

LU � kL _	2U (16)

LD � kL _	2D (17)

DU � kD _	2U (18)

DD � kD _	2D (19)

where:

kL �
1

2
�CLIA (20)

kD �
1

2
�CDIA (21)

To understand how these contribute to the aerodynamic wrench, it is
necessary to perform coordinate transformations. Consider the
coordinate frame definitions given in Fig. 6 where xB, yB, zB
represent the body-fixed coordinate frame:

The LWR and RWR (left/right wing root) coordinate frames are
fixed to the body at the wing roots. The LWS and RWS (left/right
wing spar) frames are located at the wing root, but track the wing
spars, and thus rotate by an angle	�t� about thefixedXLWR andXRWR
axes. The LWPU and RWPU (left/right wing planform up) frames
are fixed to the wings, and rotate by an angle ��t� about the rotating
YLWS and YRWS axes. Therefore, the right wing velocity is always
aligned with the rotating XRWS axis, and positive or negative
depending onwhich half of the stroke it is in. The left wing is similar.
The wings’ instantaneous aerodynamic forces in the rotating spare
frames are then:

F RWS
R �

�kD _	Rj _	Rj
0

�kL _	2R

2
4

3
5 FLWSL �

kD _	Lj _	Lj
0

�kL _	2L

2
4

3
5 (22)

The transformations from the spar frames to the body frame depend
on the wing stroke angle, and are:

Fig. 5 Blade-element geometry.
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RBRWS �
0 0 �1

� sin	R cos	R 0

cos	R sin	R 0

2
64

3
75

RBLWS �
0 0 �1

� sin	L � cos	L 0

� cos	L sin	L 0

2
64

3
75 (23)

Therefore, the instantaneous forces on theMAV body resulting from
the right and left wings are:

XBR � kL _	2R (24)

XBL � kL _	2L (25)

YBR � kD _	Rj _	Rj sin	R (26)

YBL ��kD _	Lj _	Lj sin	L (27)

ZBR ��kD _	Rj _	Rj cos	R (28)

ZBL ��kD _	Lj _	Lj cos	L (29)

In addition to these body forces,moments are also applied to the body
by the wings. These depend on the wing aerodynamic forces and the
location of the centers of pressure of the wings. In the body frame,
these are:

rBcp;R �

xcp sin���x

�sgn� _	�xcp sin	R cos�� ycp cos	R � w
2

sgn� _	�xcp cos	R cos�� ycp sin	R ��z

2
664

3
775

rBcp;L �

xcp sin���x

sgn� _	�xcp sin	L cos� � ycp cos	L � w
2

sgn� _	�xcp cos	L cos�� ycp sin	L ��z

2
664

3
775 (30)

The instantaneous moments on the body then result from the cross
product MB � rBcp � FB, they are:

MB
XR ��kD _	Rj _	Rj

�
yCP �

w

2
cos	R ��z sin	R

�
(31)

MB
XL � kD _	Lj _	Lj

�
yCP �

w

2
cos 	L ��z sin	L

�
(32)

MB
YR � kL _	2R	sgn� _	R�xcp cos	R cos�� ycp sin	R ��z


� kD _	Rj _	Rj	xcp cos	R sin���x cos	R
 (33)

MB
YL � kL _	2L	sgn� _	L�xcp cos	L cos�� ycp sin	L ��z


� kD _	Lj _	Lj	xcp cos	L sin���x cos	L
 (34)

MB
ZR � kL _	2R

�
sgn� _	R�xcp sin	R cos� � ycp cos	R �

w

2

�

� kD _	Rj _	Rj	xcp sin	R sin���x sin	R
 (35)

MB
ZL ��kL _	2L

�
sgn� _	L�xcp sin	L cos� � ycp cos	L �

w

2

�

� kD _	Lj _	Lj	xcp sin	L sin���x sin	L
 (36)

These instantaneous body forces and moments are then separated
into up and downstroke portions and summed over the wing-beat
period, giving cycle-averaged body forces and moments:

�X B
R �

!

2


Z
TD

0

LRU dt�
!

2


Z
T

TD

LRD dt (37)

�X B
L �

!

2


Z
TD

0

LLU dt�
!

2


Z
T

TD

LLD dt (38)

�Y B
R �

!

2


Z
TD

0

�DRU sin	RU�t� dt�
!

2


Z
T

TD

DRD sin	RD�t� dt

(39)

�Y B
L �

!

2


Z
TD

0

DLU sin	LU�t� dt�
!

2


Z
T

TD

DLD sin	LD�t� dt (40)

�Z B
R�

!

2


Z
TD

0

DRU cos	RU�t�dt�
!

2


Z
T

TD

DRD cos	RD�t�dt (41)

�Z B
L�

!

2


Z
TD

0

DLU cos	LU�t�dt�
!

2


Z
T

TD

DLD cos	LD�t�dt (42)

�MB
XR �

!

2


�Z
TD

0

DRU

�
ycp �

w

2
cos�	RU� ��z sin�	RU�

�
dt

�
Z
T

TD

DRD

�
ycp �

w

2
cos�	RD� ��z sin�	RD�

�
dt

�
(43)

Fig. 6 MAV coordinate definitions, from [29], used with permission.
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�MB
XL ��

!

2


�Z
TD

0

DLU

�
ycp �

w

2
cos�	LU� ��z sin�	LU�

�
dt

�
Z
T

TD

DLD

�
ycp �

w

2
cos�	LD� ��z sin�	LD�

�
dt

�
(44)

�MB
YR �

!

2


�Z
TD

0

LRU	�xcp cos�	RU� cos��� � ycp sin�	RU� ��z


�DRU	�x cos�	RU� � xcp cos�	RU� sin���
 dt

�
Z
T

TD

LRD	xcp cos�	RD� cos��� � ycp sin�	RD� ��z


�DRD	�x cos�	RD� � xcp cos�	RD� sin���
 dt
�

(45)

�MB
YL �

!

2


�Z
TD

0

LLU	�xcp cos�	LU� cos��� � ycp sin�	LU� ��z


�DLU	�x cos�	LU� � xcp cos�	LU� sin���
 dt

�
Z
T

TD

LLD	xcp cos�	LD� cos��� � ycp sin�	LD� ��z


�DLD	�x cos�	LD� � xcp cos�	LD� sin���
 dt
�

(46)

�MB
ZR �

!

2


�Z
TD

0

�LRU
�
xcp sin�	RU� cos��� � ycp cos�	RU�

�w
2

�
�DRU	�x sin�	RU� � xcp sin�	RU� sin���
 dt

�
Z
T

TD

LRD

�
xcp sin�	RD� cos��� � ycp cos�	RD� �

w

2

�

�DRD	�x sin�	RD� � xcp sin�	RD� sin���
 dt
�

(47)

�MB
ZL �

!

2


�Z
TD

0

LLU

�
xcp sin�	LU� cos��� � ycp cos�	LU� �

w

2

�

�DLU	�x sin�	LU� � xcp sin�	LU� sin���
 dt

�
Z
T

TD

�LLD
�
xcp sin�	LD� cos��� � ycp cos�	LD� �

w

2

�

�DLD	�x sin�	LD� � xcp sin�	LD� sin���
 dt
�

(48)

where TD � 

!�1���, and T � 2


!
. Substituting Eqs. (8–11) and (16–

19) into Eqs. (37–48), and performing the integration, the resulting
cycle-averaged forces and moments are:

�X � !
2kLA

2
R

4
�2 ��R ��R� �

!2kLA
2
L

4
�2 ��L ��L� (49)

�Y � !
2kDAR
2

sin��R�J1�AR���R ��R�

� !
2kDAL
2

sin��L�J1�AL���L ��L� (50)

�Z��!
2kDAR
2

cos��R�J1�AR���R ��R�

� !
2kDAL
2

cos��L�J1�AL���L ��L� (51)

�MX ��
!2kDAR

4
	ycpAR �w cos��R�J1�AR�

� 2�z sin��R�J1�AR�
��R ��R� �
!2kDAL

4
	ycpAL

� w cos��L�J1�AL� � 2�z sin��L�J1�AL�
��L ��L� (52)

�MY �
!2kL
2

�
AR	xcp cos��� cos��R�J1�AR�
��R ��R�

� AL	xcp cos��� cos��L�J1�AL�
��L ��L�

� . . .AR

�
ycp sin��R�J1�AR� �

�z

2
AR

�
�2 ��R ��R�

� AL
�
ycp sin��L�J1�AL� �

�z

2
AL

�
�2 ��L ��L�

�

� . . .
!2kD
2
fAR	�x cos��R�J1�AR�

� xcp sin��� cos��R�J1�AR�
��R ��R�
� AL	�x cos��L�J1�AL�
� xcp sin��� cos��L�J1�AL�
��L ��L�g (53)

�MZ �
!2kL
2

�
AR	xcp cos��� sin��R�J1�AR�
��R ��R�

� AL	xcp cos��� sin��L�J1�AL�
��L ��L�

� AR
�
ycp cos��R�J1�AR� �

w

4
AR

�
�2 ��R ��R�

� AL
�
ycp cos��L�J1�AL� �

w

4
AL

�
�2 ��L ��L�

�

� !
2kD
2
fAR	�x sin��R�J1�AR�

� xcp sin��� sin��R�J1�AR�
��R ��R�
� AL	�x sin��L�J1�AL� � xcp sin���
� sin��L�J1�AL�
��L ��L�g (54)

To determine how the six control parameters (AR, AL, �R, �L, �R,
and �L) contribute to the aerodynamic wrench, partial derivatives are
taken of each cycle-averaged force and moment with respect to each
control parameter. These are then linearized about the hover
condition (A� A0, �� 0, and �� 0). The resulting derivatives

Fig. 7 Comparison of the biharmonic waveform [Eq. (58), dashed] to

the piecewise version [Eqs. (8) and (9)].
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form the control effectiveness matrix given below. Note, it is defined
that �z� 0, as recommended by previous researchers [30] and
�R � �L, which reduces the control parameters to five at a cost of

losing influence over sideforce �YB, which was negligible at best

�XB

�YB

�ZB

�MB
X

�MB
Y

�MB
Z

2
666666664

3
777777775 A� A0

�� 0

n� 0

� !2A0

kL kL 0 0 0

0 0 0 0 0

0 0 �kDJ1�A0� �kDJ1�A0� 0

0 0 � kD
2
fA0ycp � wJ1�A0�g kD

2
fA0ycp � wJ1�A0�g 0

0 0 B53 B54 2kLycpJ1�A0�
B61 B62 0 0 0

2
666664

3
777775

�AR
�AL
�R

�L

�

2
66664

3
77775 (55)

Where �AR and �AL denote the change in amplitude from the
nominal condition A0 and:

B53 � B54 � J1�A0�fkD��x� xcp sin�� � kLxcp cos�g (56)

B61 ��B62 ��kL
�
w

2
�
ycp
A0

J1�A0� �
ycp
2
�J0�A0� � J2�A0��

�

(57)

Recall, the piecewise wing trajectory waveform described by
Eqs. (8) and (9) cannot be tracked by a piezo actuator near resonance
because the higher frequency elements of the waveform are
attenuated by the wing flapper system dynamics, as was shown in
previous work [41], and the resulting wing motion at resonance is
only simple harmonicmotion. To avoid this problem, it is desirable to
limit the desired wing trajectory to lower frequency content, and then
compensate for the actuator dynamics to ensure that the actual wing
motion matches the desired trajectory. Instead of a piecewise
waveform, a continuous two-term sum, shown in Fig. 7, can be used
as the wing trajectory:

	�t� � AfM1��� cos	!t� ����
 �M2��� sin	2!t� 2����
g � �
(58)

where M1, M2, and � are derived from the Fourier coefficients that
are a function of�. Such a waveform is sufficiently nonharmonic to
create the desired cycle-averaged forces for control and it can be
easily preconditioned at each harmonic frequency to compensate for
the flapping system dynamics, and thus be tracked by an at-scale
wing flapping mechanism [42]. This tracking is shown in Fig. 8 for a
piezo-driven mechanism flapping a 3 cm wing whose trajectory was
measured with a laser vibrometer while flapping in the biharmonic
fashion at its resonant frequency [42].

This waveform is defined as the biharmonic Amplitude and Bias
Modulation control technique. How does this biharmonic approx-
imation compare to the desired trajectory in terms of its ability to
generate an adequate aerodynamic wrench for MAV control? This
could be determined by performing a similar derivation as that

described above, but it quickly becomes intractable. The integrands
used to calculate cycle-averaged forces and moments shown in
Eq. (49–54) have the formof a lift or drag forcemultiplied by a sine or
cosine of thewing trajectory. In the piecewise case, these integrations

are separated into up and downstrokes, so the argument of the sine or
cosine is a single trigonometric function. In this continuous case, the
argument would be the entire expression of Eq. (58), which is three
terms. Furthermore, by separating the up and downstroke, the sense
of the drag force is always clearly known, whereas in the continuous
case, the sense of the drag force depends on the sense of the velocity.
For example, the expression for the cycle-averaged Z body force
resulting from the right wing would be:

�ZBR �
!

2


Z
T

0

DR cos	R�t� dt�
!

2


Z
T

0

kD _	Rj _	Rj cos	AM1 cos�!t

� �� � AM2 sin�2!t� 2�� � �
 dt (59)

Compare this with the relatively simple expression given by Eq. (41).
This integration does not have a closed-form solution.

A closed-form solution does exist for the X body force because it
does not contain anydrag terms or trigonometric terms resulting from
a coordinate transformation:

�X B
R �

!

2


Z
T

0

LR�t� dt�
!

2


Z
T

0

kL _	
2
R dt (60)

Substituting _	�t�:

�XBR �
kL!

3A2
R

2


Z
T

0

M2
1Rsin

2�!t� �R� � 4M2
2Rcos

2�2!t� 2�R�

� 4M1RM2R sin�!t� �R� cos�2!t� 2�R� dt (61)

�XBR �
kL!

3A2
R

2


�



!
�M2

1��R� � 4M2
2��R��

�
� kL!

2A2
R

2
	M2

1��R�

� 4M2
2��R�
 (62)

The derivation for �XBL is similar, the result is:

�X B
L �

kL!
2A2

L

2
	M2

1��L� � 4M2
2��L�
 (63)

From this cycle-averaged force, the linearized control derivatives can
be calculated. They are:

@ �X

@AR

����
AR�A0 ;�R�0;�R�0

�kL!2A0�M2
1R � 4M2

2R� (64)

@ �X

@AL

����
AL�A0 ;�L�0;�L�0

�kL!2A0�M2
1L � 4M2

2L� (65)Fig. 8 Tracking of the biharmonic wing trajectory (�� 0:2) by an

MAV wing flapping system at resonance. The desired trajectory is solid,
the actual is dashed [42].
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@ �X

@�R

����
AR�A0 ;�R�0;�R�0

� @ �X

@�L

����
AL�A0;�L�0;�L�0

� @ �X

@�R

����
AR�A0 ;�R�0;�R�0

� @ �X

@�L

����
AL�A0;�L�0;�L�0

�0 (66)

The remaining control derivatives cannot be found analytically
because closed-form expressions for the cycle-averaged forces
cannot be obtained. However, they can be computed numerically for
a range of control inputs, and the derivatives can be observed
graphically and compared with the closed-form derivatives that were
obtained for the piecewise approximation. If these are representative
of the control effectiveness of the continuous biharmonic version, the
closed-form derivatives can be used instead.

The expressions for the remaining five instantaneous forces and
moments are:

YBR � kD _	Rj _	Rj sin	R (67)

YBL ��kD _	Lj _	Lj sin	L (68)

ZBR ��kD _	Rj _	Rj cos	R (69)

ZBL ��kD _	Lj _	Lj cos	L (70)

MB
XR ��kD _	Rj _	Rj

�
yCP �

w

2
cos	R ��z sin	R

�
(71)

MB
XL � kD _	Lj _	Lj

�
yCP �

w

2
cos	L ��z sin	L

�
(72)

MB
YR � kL _	2R	sgn� _	R�xcp cos	R cos�� ycp sin	R ��z


� kD _	Rj _	Rj	xcp cos	R sin���x cos	R
 (73)

MB
YL � kL _	2L	sgn� _	L�xcp cos	L cos�� ycp sin	L ��z


� kD _	Lj _	Lj	xcp cos	L sin���x cos	L
 (74)

MB
ZR � kL _	2R

�
sgn� _	R�xcp sin	R cos� � ycp cos	R �

w

2

�

� kD _	Rj _	Rj	xcp sin	R sin���x sin	R
 (75)

MB
ZL ��kL _	2L

�
sgn� _	L�xcp sin	L cos� � ycp cos	L �

w

2

�

� kD _	Lj _	Lj	xcp sin	L sin���x sin	L
 (76)

These expressions are numerically integrated over the wing-beat
period to obtain cycle-averaged forces and plotted for a range of
possible values of the five control parameters. The slopes of the
resulting plots at the origin represent the linearized control derivative
for that force/control parameter pair [compare with the control
effectiveness matrix, Eq. (55)]. Similarly, Eqs. (49–54), the closed-
form approximations of the cycle-averaged forces, are then evaluated
over the same range of control parameters and plotted alongside,
presenting a comparison of the approximate closed-form derivative
to the exact numeric derivative. The results are shown in Fig. 9 where
these resulting cycle-averaged forces and moments are plotted as a
function of the control parameters for the right wing only; the left
wing is similar. Note that at the hover condition all forces and
moments should be zero except the X-body force and the moment
about the Z-axis (which would be countered by the left wing.)

For amplitude AR and wing stroke bias �R, the closed-form
approximations [Eqs. (49–54)] match the exact numerical derivative
perfectly (columns 1 and 3 of Fig. 9). This is expected because the
Fourier approximation of the split-cycle wing trajectory should not
inhibit amplitude and bias from altering the aerodynamic wrench.
For the split-cycle parameter (�R, column 2 of Fig. 9), the slopes of
the curves near the origin are identical, indicating that the control
derivatives, linearized about the hover condition, are identical. As the
split-cycle parameter increases away from the origin, the Fourier
approximated biharmonic trajectory’s ability to generate large con-
tributions to the aerodynamicwrench saturates. This is also expected,
as the two-term Fourier approximation has limited ability to track the
split-cycle waveform as delta increases [41]. Nevertheless, Fig. 9
clearly shows that the closed-form control derivatives given in the
control effectiveness matrix [Eq. (55)] adequately capture the
dynamics of the vehicle, and should be suitable for control system
design.

The final conclusion of this analysis is that the proposed
biharmonic Amplitude and Bias Modulation control technique
provides direct influence over fiveMAVbody forces andmoments in
hover while only requiring two actuators. The proposedMAVwould
have two DOFs per wing, but only one would be directly controlled,
wing stroke angle, with three parameters of thewing stroke trajectory
(amplitude, split-cycle parameter, and wing stroke bias angle)
variable for generating contributions to the aerodynamic wrench.
Furthermore, such a control scheme has been demonstrated with
resonant wing flapping offering a substantial advantage over similar
control techniques [41]. A summary of flapping wing control tech-
niques that have been proposed in the literature is given in Table 1.
Each technique can be evaluated based on the number of actuators
required to obtain the necessary wing kinematics and which body
forces/moments the technique can directly influence. The preferred
technique is that which provides influence over the most forces/
moments with the fewest actuators, while being applicable to
resonant flapping. The Berkeley, Harvard, and AFIT designs all

Fig. 9 Comparison of approximate closed-form forces and moments

(solid line) to exact numeric forces and moments (dashed). Forces are in
milli-Newtons, moments are in N-mm,� is nondimensional.
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Table 1 Summary of kinematic variations used by various control techniques to impart aerodynamic wrench inputs

Insects [18] Berkeley [25] Caltech [27] Harvard 1 [37] Harvard 2 [38] AFRL 1 [29] AFRL 2 [31] AFIT

Required
actuators

Dozens? 4 6? 3 2 3 2 2

Lift, a X Symmetric amplitude Symmetric amplitude (v1) Symmetric amplitude Symmetric
amplitude (�1)

Symmetric
amplitude (�1)

Symmetric
frequency (!)

Symmetric
frequency (!)

Symmetric
amplitude (A)

Side force, Y ? —— —— —— —— —— Asymmetric
Stroke Bias (�)b

——

Thrust, a Z ? —— —— —— —— Symmetric
split-cycle (�)

Symmetric
split-cycle (�)

Symmetric
biharmonic
split-cycle (�)

Roll,Mx Asymmetric stroke plane
angle and amplitude

Asymmetric rotation
timing (v2)

Asymmetric stroke
plane angle

—— —— Asymmetric
split-cycle (�)

Asymmetric
split-cycle (�)

Asymmetric
biharmonic

split-cycle (�)

Pitch,My ? Symmetric amplitude and
rotation timing (v1, v2)

Symmetric stroke bias Symmetric stroke
bias (�1)

Symmetric stroke
bias (�1)

Bob weight (VBW) Symmetric stroke
bias (�)

Symmetric
stroke
bias (�)

Yaw,Mz Asymmetric stroke plane
angle and amplitude

Asymmetric amplitude
(v1)

Asymmetric amplitude Asymmetric
amplitude
(�2, �3)

Asymmetric
amplitude (�2)

Asymmetric
frequency (!)

Asymmetric
frequency (!)

Asymmetric
amplitude (A)

Notes They get the job done Kinematic mapping
is not closed-form,
but based on numerical
simulation

Mapping based on biological
observation, and validated
through simulation

Some hardware
testing

Some hardware
testing

Fz,Mx control
not applicable to
resonant flapping

Fz,Mx control not
applicable to
resonant flapping

Some hardware
testing [42]

aX and Z align with lift and thrust direction only while hovering.
bObtainable sideforce may be negligible.
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claim resonant flapping capability, with the AFIT technique
promising influence over the greatest number of forces/moments
with the fewest actuators.

IV. Conclusions

Flapping wing control ofMAVs has been perfected by the Insecta,
while human engineers have only recently begun exploring it.
Several works have proposed control techniques along with analysis
and/or simulation to demonstrate its feasibility. The ideal control
techniquewould have direct influence over theMAVbody forces and
moments with a simple flapping mechanism while operating at
resonance for energy efficiency. Drawing on earlier research, a novel
control technique has been proposed, biharmonic Amplitude and
Bias Modulation. The preceding analysis demonstrates that the
biharmonic technique offers highly decoupled influence over five
MAV body forces and moments, while only requiring two actuators.
Furthermore it is applicable to resonant flapping, so it can be
implemented with the least possible energetic cost to the MAV. The
next step in developing this control technique is to evaluate it under
more realistic conditions by incrementally eliminating the assump-
tions used to develop it. In fact, this is the next step for the field of
flapping wing control, in general.

To date flapping wing control of a MAV has not been demon-
strated, only simulated. These simulations all rely on key
assumptions, most notably that the quasi-steady formulae accurately
predict the instantaneous aerodynamic forces. To advance the field,
these control techniques must be tested in the presence of unsteady
aerodynamics. As nomathematicalmodels yet exist that include such
effects, short of time-consuming direct numerical simulation of the
Navier–Stokes equations, the logical alternative is hardware testing.
Flapping wing controllers should be implemented on prototype
MAVs so that their resultant 6-DOF forces and moments can be
directly measured.

Such experiments would validate the quasi-steady blade-element
models and the control derivatives predicted by them. If these
predictions are deemed adequate, hardware-in-the-loop simulations
could be performed, providing an intermediate step between simu-
lation and autonomous flight, and answering several outstanding
questions about flapping wing control, such as: Are quasi-steady
predictions of the aerodynamic wrench adequate for control design?
Are wing–wing interactions significant? How does a given control
technique constrain a vehicle’s design or limit its performance?
These questions and more must be answered before flapping wing
control at insect scale can be achieved.
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